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We prove an existence theorem for the Cauchy problem for ordinary differential 
equations in Banach spaces. This theorem includes known results. ‘? 1990 Academic 
Press, Inc. 
1. INTRODUCTION 
In the present paper we consider the initial value problem 
x’(t) = F(4 x(c)), l E I3 al, 
40) =x0, 
where F is a continuous function which maps [0, a] x E into E, a Banach 
space. Let E= E, x E, and F= (f, g) such that 
f: [O,a]xE+E,, g: [O,a]xE+E,, 
with f satisfying dissipativeness conditions and g compact. This problem is 
known for f one-sided Lipschitzian (see Volkmann [ 10, 111) and as a 
by-product a result on the solvability of an initial value problem where 
F= A + B with A one-sided Lipschitzian and B compact and continuous 
is obtained. The same problem with A satisfying dissipativeness 
conditions was considered by R. H. Martin [6,7], E. Schechter [9], and 
G. Emmanuele [3]. 
In this paper we extend Theorems 1.1 and 2.1 of [ 1 l] under assumptions 
similar to those needed for the uniqueness result (see [l] and M. Samimi 
and V. Lakshmikantham [S]). 
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2. PRELIMINARY RESULTS 
Let E be a real Banach space with norm 11. I/. Let A c R x E, F: A -+ E be 
continuous, ~30, and let I be an interval in R. We say that a function 
y : I+ E is an a-approximate solution of the equation 
x’ = F(t, x) (1) 
on I if 
(i) y is continuous on I; 
(ii) (t,y(t))~Efor all t~1; 
(iii) there exists a finite subset H of I such that, for all t E I- H, y’(t) 
exists and satisfies 
Il.!J’(t) - F(c JJ(t))ll G 8. 
If E = 0, y(t) is a solution of (1). 
Let E* be the topological dual space of E, the image of x E E by 4 E E* 
will be denoted, as usual, by g(x) = (x, 5). For x E E, let J(x) be the non- 
empty set 
For x, y E E the inner semiproducts of x, y are defined by 
<x, y>- =inf{Re(x, 5)15EJ(y)), 
<x, Y>+ =sw{Wx9 5>15~4.~)). 
The following result (see K. Deimling [2]) will be used in the proof of 
Theorem 3.2. 
LEMMA 2.1. (a) (x, Y>+ G I/x/I . II YII ; 
(b) ~~+~,~~~~~~~,~~~~+II~ll~ll~ll; 
(c) Let Z be an open interval of R and let x: Z-+ E be a function which 
is differentiable at t E I. Then 
Ilx(t)ll D- llx(t)ll d (x’(t), x(t))- 
3. MAIN RESULT 
Let 0: [0, a] -+ R be a continuous function with d(O) = 0 and 4(t) > 0 for 
t > 0, which is differentiable with 4’(t) # 0 for any t > 0. Finally, let 
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0:(O,a)x!F!++R+ be a continuous function with o(t, 0) = 0 and such 
that the trivial function u=O is the unique solution of 
u’=w(t, u), t > 0, 
for which 
lim u(t)= 0. 
t-o+ d(t) 
Now, let E,, E, be real Banach spaces, E= El x E,, J= [0, a], 
G? = B(x,; r), and let F: Jx 98 -+ E be a continuous function with 
llF( t, x)11 < A4 for (t, x) E J x g. The following result is known (see 
Cl, 2, 51). 
LEMMA 3.1. Given F such as before and E, 10, there exists a sequence of 
c,-approximate solutions {x,(t) > of ( 1) on J such that x,(O) = 0. Moreover, 
x, can be chosen so that for all n E N 
lb,(~)-x,(s)ll <Ml?--$1, s, tEJ. (2) 
Let f and g be continuous functions of J x 98 on E, and E,, respectively, 
such that F= (f, g). Now, we shall consider the initial value problem 
f=f(t, v(t), w(t)), 
$ = At, v(t), w(t)), t E [O, a]. (3) 
40) = 00, 40) = wo, where x0 = (v,, wo). 
THEOREM 3.2. Let J, 98, F, f, and g be such as before, and suppose that 
(i) g is compact; 
(ii) f satisfies 
f(t, u, w) = h(t) + oC$‘(t)l when (2, u, w) + to+, uo, w,), 
(f(t, 0, U’)-f(t, 4 w), o-u>- <w(t, llv-4). IIV-UII 
for (t, u, w), (t, u, W)E Jx B. 
(*) 
(**) 
Then, problem (3) has a solution on [0, T] where T=min(a, r/M). 
Proof: Take l/n and let {x,,(t)} be the corresponding l/n-approximate 
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solutions of (1) where .Y,, = (v,!, \v,,), c,,: [0, T] + E,, bt’,,: [IO, 7’1 + Ez, 
constructed by the above lemma. Then, 
t E [0, T] and u,,(O) = 0,; (4) 
t E [0, T] and w,(O) = )v,~. (5) 
Since g is compact, it follows from (5) that {w,,} is an equicontinuous 
and uniformly bounded sequence on [0, T]; therefore there exists, by the 
Arzeh-Ascoli theorem, a subsequence which converges uniformly in [0, T] 
to a function w(t). Without loss of generality, we may assume that {w,, j 
converges uniformly in [0, T] to a I’. 
Now, consider the initial value problem 
f =/c 6 0, M’(f)), tE co, Tl; 
(6) 
u(0) = u(). 
In the interval [0, T], k is defined by k(t, u) =f(t, u, w(t)), k is a con- 
tinuous function, Ilk(t, v)il d M on 1 x B(u,; Y), and moreover 
(1) k(t, u)=h(t)+o[#‘(t)], when (t, u)-+ (O+, u ); 
(2) (k(t,u,)-k(t,d, u,--v,)L<df, ll1:,-~~ll~~/I~,-~~l/, 
for (4 u,), (4 u2)EJx B(u,; r), 
as a consequence of (* ) and (** ). Then, problem (6) has a unique solution 
u(t) on [0, T] by Theorem 3.3 of [ 11. Our theorem will be proved if we 
can extract from the {un} a uniformly converging subsequence on [0, r] 
to a u(t), because by a standard argument (u, w) will be a solution of (3). 
Define, again, the function 
%7(f) = uo + I r fh u,(s), w,(s)) 4 f E [O, 7-l. 10 
Consequently, by (4) we have 
Ill, - u,(t)ll 6 ;, IE [O, T-J. (7) 
Then it suffices to show that u,(t) has a subsequence which converges 
uniformly in [0, T] to a v(t). 
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For n~fYl(, let d,(t)=Ilu(t)-u,(t)ll, t~[0, T]. By Lemma 1.1, when 
t E (0, n 
Ll,(t)D-d,(t)< (u’(t)-z&(t), u(t)-%(t))- 
G Mu(t), w(t)) -“oh u,,(t), w,(t)), u(t) - %l(t)> ~ 
d <f(t, u(t), w(t)) -At, 4(t), w(t)), u(t) - K?(t)> -- 
+ Ilf(4 %l(tL w(t)) -At, u,(t), w(t))ll d,(t) 
+ lIf(4 u,(t), w(f)) -At, u,(t), w,(t))ll d,(t). 
Then, from (7) and the uniform convergence of w,(t) to a w(t) on [0, T], 
we have 
An(t) D-d,(t) d U(t, 4th w(t)) -.f(t, u,(t), w(t))> + 8, d,(t), 
where E, -+ 0. It follows from (**) that 
J,(t) D-d,(t) d 4t, d,(t)) .d,(t) + En d,(t), fE(0, T). 
If for some t, d,(t) = 0, we have u(t) = u,(t) and 
D-f4,(t) = Ilu’(t) - 4(t)ll = Ilf(t, u,(t), w(t)) -f(t, u,(t), M’,(t))11 
GE,. 
Then 
and since 
D-d,(t) G 44 d,,(t)) + &?I, tE (0, T) 
d,(O) = 0, 
(8) 
Id,(t)-d,(s)1 <2Mlt-4, 
the sequence (A,) is equicontinuous and uniformly bounded on [IO, T]; 
therefore there exists a subsequence which converges uniformly on [0, T] 
to a continuous function d(t). By [4, Lemma 23 we have 
D-d(t)bm(t, d(t))+&,, tE (0, n 
and hence 
D-d(r) < o(t, d(t)), t E (0, T), 
d(O)=O. 
By (*), given .s>O, there exists i>O such that 
D-d,(t)<@(t), tE(0, t-). 
(9) 
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On integrating one sees that 0 6 d,,(t) < &b’(f), f E (0, i); whence, 
O<d(t)6cqYt), t E (0, i) 
and finally 
lim d(t),(), 
r-o+ qqt) (10) 
From (9) and (lo), one concludes that d(t)-0 and so (un} has a sub- 
sequence which converges uniformly in [0, T] to a o(t) as required. 
For a particular choice, such us d(t) = t, and w(t, U) = Lu, we obtain 
Theorem 1.1 of Volkmann [ 111. When F =A we get Theorem 3.3 of [ 11, 
and moreover, if d(t) = t, then we obtain the theorem of Wazewski [ 121; 
in this case, uniqueness of the solution follows from Theorem 1.1 in Samimi 
and Lakshmikantham [S]. 
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